For three given probability distributions describing positions of three classical coins the quantum density matrix of spin-1/2 state is constructed and its matrix elements are associated with triada of Malevich's squares. The superposition principle of spin-1/2 states is presented in the form of nonlinear addition rule for these classical coin probabilities.
Introduction
The states of a quantum system determined by the vectors |ψ in a Hilbert space [1] have the property that the superpositions of the vectors c 1 |ψ 1 + c 2 |ψ 2 with complex coefficients c 1 and c 2 always describe the other states of the system. The superposition of the vectors corresponds to superposition of wave functions c 1 ψ 1 (q) + c 2 ψ 2 (q) describing the states of the systems [2] . For density operatorsρ ψ = |ψ ψ| [3, 4] the explicit formula for the superposition of the stateρ 1 = |ψ 1 ψ 1 | andρ 2 = |ψ 2 ψ 2 | was obtained in [5, 6] . addition rule for two projectors give the answer to the following question: How to add two projectors in order to obtain another projector? Recently the tomographic probability representation of quantum states was introduced both for continious variables [7] and discrete spin variables [8, 9, 10, 11, 12, 13] (see also review [14] ). In this representation the quantum system states are described by fair probability distributions. For example, the states of spin-1/2 particle associated with state density 2×2-matrix can be determined by three probability distributions (of dichotomic variables) [15] which are illustrated in quantum suprematism representation by triada of Malevich's squares [16, 17, 18] .
In this connection we consider the following problem. Given three probability distributions of three classical dichotomic random variables. We can interpret these probability distributions as probability distributions describing position "up" or "down" of three classical coins. Using the interpretation of the quantum states of the spin-1/2 particle in terms of the three probability distributions [15, 16, 17, 18] we have possibility to use the superposition principle known for density operators of the states [5, 6 ] to obtain the rule of addition of the classical coin probabilities corresponding to the quantum state superposition.
The aim of our work is to study the bijective map of the three classical coin positions onto quantum spin-1/2 state density matrix and to give explicit formula for nonlinear addition rule of the probabilities determining positions of the classical coins corresponding to linear superposition of the state vectors in the Hilbert space.
The paper is organized as follows. In Sec.2 the review of superposition principle for density operators of pure quantum states [5, 6] is given. In Sec.3 the suprematism representation of qubit states [16, 17, 18] is discussed. In Sec.4 the addition rule for classical probabilities describing three coin positions is derived using the superposition principle for corresponding orthogonal quantum states. In Sec. 5 the case of nonorthogonal states is studied. The conclusions and prospectives are given in Sec.6.
Superposition of quantum states
Let us take density operatorsρ 1 andρ 2 of the pure states determined by the vectors |ψ 1 and |ψ 2 , respectively, satisfying the normalisation and orthogonality conditions ψ 1 |ψ 1 = ψ 2 |ψ 2 = 1,
is normalized pure state if
One can take the coefficients c 1 and c 2 satisfying the relations
The density operator of the pure state (1) has the form
The operatorρ ψ determines the pure state and satisfies the conditionρ the phase parameter φ corresponds to the relative phase for addition of two wave functions responsible for quantum interference phenomenon. The formula (3) was presented in the form of adding two orthogonal projectors [5, 6] , i.e.
and the relative phase φ = φ 2 − φ 1 . We can take φ 1 = 0. Thus the arbitrary vector |ψ 0 is used to determine the arbitrary relative phase φ corresponding to superposition of vectors |ψ 1 and |ψ 2 in formulae (1). One can check that the Hermitian operatorρ ψ given by In [16, 17, 18] it was demonstrated that a density matrix of spin-1/2 system can be expressed in terms of the probabilities 0 ≤ p 1 , p 2 , p 3 ≤ 1 of three classical coin positions.
The construction of the density matrix is presented as follows. Given three probability distributions defined by three probability vectors
The numbers p 1 , p 2 , p 3 can be interpreted as the probabilities to obtain for three classical coins the positions "up". The numbers 1 − p 1 , 1 − p 2 , 1 − p 3 are interpreted as the probabilities to obtain for these coins the positions "down". Thus, the random positions of three coins "up" or "down" are associated with the probability vectors (6) . One can consider [18] the classical random variables determined by the vectors
with real components given in the form of vectors (6) . One can choose [17, 18] the classical random variables determined by the vectors with components
and associate with first coin positions vector X, second coin positions vector Y and third coin positions vector Z. The statistics of the dichotomic random variables is given by the moments determined by the probability vectors. For example, mean values of the random variables read
The second moments are given by the formulas
In [17, 18] it was suggested to construct the quantum mechanics of spin-1/2 system using the model of three classical probabilities and three classical random variables given by the vectors X, Y , Z. To present this model we construct two matrices: first one with matrix elements expressed in terms of probabilities p 1 , p 2 , p 3 , i.e.
and second one with matrix elements expressed in terms of x, y, z 1 , z 2 , i.e.
One can see that by construction the matrices ρ and H are Hermitian matrices, i.e. 
Let us impose the condition corresponding to a specific correlations in the coin behaviour, namely that the numbers p 1 , p 2 , p 3 satisfy the inequality
This inequality means that the classical coin positions are correlated. Also the inequality (12) provides the condition for Hermitian matrix (10) to have only nonnegative eigenvalues, i.e. ρ ≥ 0. Such Hermitian matrix ρ with unit trace and nonnegative eigenvalues in quantum mechanics is the density matrix of spin-1/2 system. On the other hand in quantum mechanics the Hermitian matrix (11) corresponds to an observable. The statistical properties of this observable can be expressed in terms of properties of classical random variables X, Y , Z, e.g.the quantum mean value of the observable H is The probabilities p 1 , p 2 , p 3 can be used to construct three Malevich's squares ( Figure. 1) [16, 17, 18] with the sides
Thus, the classical probability distributions are associated with triada of Malevich's black, red and white squares [16] where the numbers p 1 , p 2 , p 3 must satisfy the inequality 
Superposition principle
In this section we present the superposition principle of quantum states of spin-1/2 system in quantum suprematism representation. This means that we give the addition rule for pairs of triadas of Malevich's squares. As the result of this addition we obtain another triada of Malevich's squares. All triadas correspond to pure quantum statesρ ψ ,ρ 1 ,ρ 2 .
In fact, we have to calculate the probabilities p
providing the density matrix corresponding to operator of pure stateρ ψ if the probabilities p 1 , p 2 , p 3 determining the pure stateρ 1 = |ψ 1 ψ 1 | and probabilities P 1 , P 2 , P 3 determining the pure stateρ 2 = |ψ 2 ψ 2 | are given.
Thus we have the four density matrices of the form (10). These matrices correspond
2 − 1/2) and the four matrices corresponding to four operators can be expressed in terms of the probabilities. For example
Since the stateρ 1 = |ψ 1 ψ 1 | is pure state the probabilities (p 1 , p 2 , p 3 ) = p which are components of the vector p satisfy the equality
Analogously the density matrix of the stateρ 2 = |ψ 2 ψ 2 | is expressed in terms of probabilities P 1 , P 2 , P 3 as
For pure states ρ 2 the components P 1 , P 2 , P 3 of the vector P satisfy the condition (16).
Fidelity for two states ρ 1 , ρ 2 reads
Purity of the state ρ in terms of probabilities reads
The density operator of the pure stateρ 0 = |ψ 0 ψ 0 | which is the projector operator providing the relative phase parameter depends on three probabilities
The probabilities Π 1 , Π 2 , Π 3 satisfy the equality (16) . The density operator of the superposition stateρ ψ = |ψ ψ| has the density matrix
The superposition state formula (4) can be presented as result of addition of the probabilities given in the form of 3-vectors
The result of addition given as vector P ψ has two contributions
The vector ∆ nonlinearly depends on components of vectors P , P, Π and the nonlinear contribution is responsible for the equality ρ 2 ψ = ρ ψ . To give the explicit form of the components of the vector ∆ we introduce the notations for Tr(ρ 1 ρ 0 ρ 2 ρ 0 ) = T 2 and get the expression of this factor T in terms of the probabilities. It reads
The components of vector ∆ read
The formula (23) with factor T (24) and components of vector ∆ (25)-(27) gives the nonlinear addition rule for probabilities p 1 , p 2 , p 3 and P 1 , P 2 , P 3 . This formula corresponds to superposition of two orthogonal states |ψ 1 and |ψ 2 .
We give another derivation of the addition rule for the probabilities p j , P j which follows from the superposition formula |ψ = c 1 |ψ 1 + c 2 |ψ 2 where ψ 1 |ψ 2 = 0. To do this we observe that arbitrary Pauli spinor |χ = 
Using probabilities p 1 , p 2 , p 3 the Pauli spinor can be given in the form
where we introduce the probabilities in view of relations
The phase α is an arbitrary angle parameter. The value of this parameter does not change density operator of pure state |ψ ψ| =ρ ψ which is gauge invariant projector operator.
Let us consider four vectors |ψ 1 , |ψ 2 , |ψ 0 , |ψ , and introduce the notations
In (31)
The unit vector |ψ 2 which we take to be orthogonal to vector |ψ 1 has the form
where
The unit vector |ψ 0 is of the form
Superposition vector |ψ is defined as
It is given by the column vector
Calculating the matrix |ψ ψ| we reproduce result corresponding to the matrix form of superposition principle given by (4).
5 Derivation of probability representation for superposition-state expression in case of arbitrary pure states
In this Section for one qubit we provide the formula for density matrix of superposition of two arbitrary pure states. The first state is given by the vector |ψ 1 of the form (31)
where β = φ 1 , i.e.
Here p 3 is probability of spin-projection m = +1/2 on the z-direction. Since
the explicit density matrix ρ = |ψ 1 ψ 1 | of this pure state expressed in terms of probabilities p 1 , p 2 , p 3 reads
It means that the phase φ 1 in (39) is determined by the probabilities p 1 and p 2 of spin-1/2 projections m = +1/2 on the axes x and y, respectively, i.e.
This equality gives the relations for the phase φ 1 of the form
Let us introduce the second state-vector |ψ 2 of the qubit expressed in terms of three probabilities P 1 , P 2 , P 3 of the spin-1/2 projections m = +1/2 on the axes x, y, z, respectively, as
The phase φ 2 is not related with phase φ 1 . Analogously to (43) one has the relation of the phase φ 2 with probabilities P 1 and P 2 of the form
In order to derive the general formula for the superposition of two pure nonorthogonal states of the qubit expressed in terms of spinors
we consider the matrix
It has the form
The obtained matrix provides the density matrix of the superposition state ρ χ if one takes into account the normalization condition, i.e. T = χ|χ = Tr|χ χ| providing relation
Trρ χ = 1. Thus the density matrix is defined as ρ χ = |χ χ|/ χ|χ
The superposition state with density matrix ρ χ given by (50) can be expressed in terms of three probabilities P 1 , P 2 , P 3 of the spin-1/2 projections m = +1/2 on the axes x, y, z, respectively, then
The density matrix (51) is associated with the normalized pure state |χ 0 of the form
i.e. ρ χ = |χ 0 χ 0 |. Here the phase φ s is determined by the probabilities as
The relations (53) means that the mathematical formula where complex number z = x + iy = |z|e iφ(z) has the probabilistic interpretation. Namely, for |z| ≤ 1, |z| = √ p 3 the real and imaginary numbers of the phase factor e iφ(z) = cos(φ(z)) + i sin(φ(z)) can be given in terms of the probabilities 0 ≤ p 1 , p 2 , p 3 ≤ 1 such that
The trigonometric functions can be always presented as functions of the probabilities, i.e.
Thus the set of complex numbers z with property |z| ≤ 1 can be mapped onto the set of probability distributions describing the positions of three classical coins (
, satisfying (54). Formally the relation (54) corresponds to properties of the parameters describing the spinors which define the pure states of qubits. We will apply this interpretation to obtain the probability representation of matrix elements of arbitrary qudit density matrix.
Our aim is to express the probabilities P 1 , P 2 , P 3 as functions by probabilities p 1 , p 2 , p 3 , P 1 , P 2 , P 3 and coefficients c 1 and c 2 . In order to have the expression of these probabilities P 1 , P 2 , P 3 as functions of arguments which are also the probabilities we introduce the following relations of the complex numbers c 1 , c 2 with the formal probabilities 0 ≤ Π 1 , Π 2 , Π 3 ≤ 1 given by formulas for the projector |ψ c ψ c | where the spinor |ψ c
and
We use the property that the phase of the complex coefficient c 1 can be chosen as zero as well as normalisation condition |c 1 | 2 + |c 2 | 2 = 1 is compatible with the final expression (50) of the density matrix of the superposition state. Comparing the density matrix (50) with its expression in terms of probabilities P 1 , P 2 , P 3 we have the formulas
Here we have to express the complex numbers a 1 , b 1 , a 2 , b 2 , c 1 , c 2 in terms of probabil- 
The parameter T equals 1 if
Then P 3 = 1 T Π 3 p 3 + (1 − Π 3 )P 3 + 2 p 3 P 3 (Π 1 − 1/2) . 
As we have shown in explicit form the probabilities determining the superposition states in the both cases where ψ 1 |ψ 2 = 0 and ψ 1 |ψ 2 = 0 are expressed in terms of the probabilities determining the states |ψ 1 and |ψ 2 .
Conclusion
To resume we formulate the main result of our study. We have shown that the state of qubit can be given as the set of three probability distributions (p 1 , 1 − p 1 ), (p 2 , 1 − 
